OSCILLATION CRITERIA FOR SELF-AD JOINT
DIFFERENTIAL SYSTEMS

BY
WILLIAM T. REID(?)

1. Introduction. For a differential system with complex coefficients that
is of the general form of the accessory differential equations for a calculus of
variations problem of Lagrange or Bolza type that is identically normal (see,
for example, Bliss [4, §81], Morse [11; 12], Reid [15; 16; 18; 20]), variational
methods are employed to establish certain oscillation criteria mvolvmg asso-
ciated two-point boundary problems.

In particular, application of these general results to special systems which
are equivalent to self-adjoint scalar quasi-differential equations of even order
yields corresponding criteria for these equations. It is to be emphasized that
for such scalar equations the definitions of conjugate point and oscillation
employed here are the restrictive ones arising from the corresponding con-
cepts for the associated differential system, and lack the generality cor-
responding to the definitions introduced by Leighton and Nehari [10] for
real fourth order equations

(1.1) (r(x)u')" — p(x)u = 0.

In view of Theorem 3.6 of [10], however, a very special instance of one of
the criteria developed here provides a variational proof of the recently estab-
lished result of H. Howard [7, Theorem 2.1], to the effect that if r(x) and
p(x) are real-valued positive functions with r(x) €EC"(0, =), p(x) EC(0, =),
and for a >0 we have [ [r(x)]"'dx = =, then (1.1) is nonoscillatory on (a, «)
if and only if for >a the smallest proper value \; of the boundary problem

1.2) (r@)u")" = rp(x)u =0, u =4 =0atx=ga, ru'’ = (ru’) =0atx =

satisfies \;> 1. The criteria here derived also include as special cases some of
the results of Barrett [2].

The formulation of the general system under consideration is given in §2,
together with the statement of the basic results of the spectral theory for
allied boundary problems, and the ensuing proof of a comparison theorem
whose result is basic for the specific oscillation criteria of §3. In connection
with the general criterion of Theorem 3.2 it is to be noted that one of the
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basic assumptions involves the concept of a principal solution as developed
recently by Reid [20]. Finally, §4 is devoted to the application of the general
results to self-adjoint scalar quasi-differential equations of even order as cited
above.

Matrix notation is used throughout; in particular, matrices of one column
are termed vectors, and for a vector y=(¥.), (=1, - - -, 1), the norm l yI
is given by (| y;l 4. +| y.‘l 2)12, The n Xn 1dent1ty matrix is denoted by
E,, or merely E when there is no ambiguity, and 0 is used indiscriminately
for the zero matrix of any dimensions; the conjugate transpose of a matrix M
is designated by M*. The relations M2 N, (M > N), are used to signify that
M and N are hermitian matrices of the same dimensions and M—N is a
non-negative (positive), definite matrix. If the elements of a matrix M(x)
are a.c. (absolutely continuous) on an interval [c, d], then M’(x) signifies the
matrix of derivatives at values for which these derivatives exist and the zero
matrix elsewhere; correspondingly, if the elements of M(x) are (Lebesgue)
integrable on [c, d] then [;M(x)dx denotes the matrix of integrals of respec-
tive elements of M(x). If matrices M(x) and N(x) are equal a.e. (almost
everywhere) on their domain of definition we write simply M(x)=N(x). In
the totality of finite dimensional rectangular matrices with elements defined
on a given interval [c, d] we denote by £[c, ¢] the set of all matrices whose
elements are (Lebesgue) integrable on [c,.d], and by %[c, d] the set of all
matrices M whose elements M.s(x) are measurable and | M.s(x)|2€8][c, d].
For brevity, a matrix is termed continuous, etc., when each element of the
matrix possesses the specified property.

2. A general self-adjoint differential system. For x on a given ray
X:a<x< o of the real line, let w(x, ¥, ) denote the hermitian form

(2.1) w(z, y, ) = »*R(@)7 + 7*Q()y + y*Q*(2)r + y*P(a)y

in the 27 variables (y, #) =(3, - -+, ¥a, T, - - -, wa) With R(x), Q(x), P(x)
nXn matrices having complex-valued continuous elements on X, and R(x),
P(x) hermitian on this interval. In addition, consider a vector linear form

(2.2) ®(x, Y, ™) = ¢(x)1l’ + 0(x)y,

where ¢(x) and 0(x) are mXn (m <n) matrices with complex continuous
elements on X, and satisfying the following hypothesis:

(H,) For xC€X the matrix ¢(x) is of rank m, and x*R(x)x >0 for arbstrary
non-null vectors x satisfying ¢(x)x =0,

In particular, (Hy) implies that the (m+n) X(m+n) hermitian matrix

“ R(z) ¢*(x)

(23) (@) 0

is nonsingular on X,
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For the Bolza type variational problem involving the functional
d
24) 3iadl = [ ula 3@, ¥,
subject to the auxiliary m-dimensional vector differential equation
Q(x’ }'(x): }"(x)) =0,
the Euler-Lagrange differential equations in vector form become
25) [R@)% + Q(=)u + ¢*(=)u]’ — [Q* (@) + P(x)u + 6*(x)u] = 0,
. q’(xt U, “’) =0,

where #(x) is an n-dimensional vector function and u(x) is an m-dimensional
“multiplier” vector function.
As in Reid [17, §4], if the inverse of (2.3) is written as

T(x) 7*(x)
r(x) (x)

where T'(x) and #(x) are hermitian matrices of respective orders #» and m, and
7(x) is an m Xn matrix, then in terms of the canonical variables

u(x),  v(x) = R(x)w'(x) + Q(x)u(x) + ¢*(x)u(x)
the equations (2.5) may be written as the first order differential system
(2.7 w = A(x)u + B(x)v, v = C(x)u — A*(x)v,

(2.6)

with the coefficient matrices
(28) A= —(TQ+ %), B=T, C= P — Q*TQ — Q*r*0 — 6*rQ — 6*10.

Moreover, the matrices B and C of (2.8) are hermitian on X, and B is a non-
negative definite matrix of rank n—m with B¢*=0.

In [18] the author has discussed various oscillation criteria for a vector
differential system (2.7) equivalent to the Euler equation for a functional
(2.4) with no auxiliary differential restraints ®=0, and with the coefficient
matrices 4, B, C satisfying weaker conditions than those imposed above.
For the system under present consideration the conditions may be relaxed
in a corresponding fashion, but for simplicity attention is restricted to the
case described above.

Throughout the following discussion we shall make the following assump-
tion on (2.5), or equivalently on the canonical system (2.7).

(Hs) The system is sdentically normal on X ; that is, if Xy ¢s an arbitrary
nondegenerate subinterval of X, and u(x) =0, v(x) is a solution of (2.7) on X\,
then v(x) =0 on X;.

For [c, d] a compact subinterval of X the symbol D¢, d] = Dus[c, d] will
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signify the class of vector functions y(x) which are differentially admissible
on [¢, d] in the sense that on this subinterval y(x) is a.c., ¥’ (x) E®s[c, d],
while ®(x, ¥(x), ¥'(x)) =0 on [c, d]. Because of the frequent occurrence of cer-
tain linear subclasses of ®[c, d] we introduce the further notation: Duc, d]
={y|y€Dlc, 4], 3(c) =0}, Duo[c, d]={y|yED[c, d], 3(@) =0}, Ds[c, d]
= {nyEQ[C’ d]v ¥(c) =0=y(d) }'

We shall be concerned with the four boundary problems consisting of the
linear vector differential system

(2.9) W = A(x)u + B(x)v, v = C(x)u — A*(x)v — AK(x)%,

in the characteristic parameter \, and the two-point boundary conditions
Asslc,d]: v(c) =0, v(d) =0;  Awnlc,d]: u(c) =0, v(d) = 0;
Asolc, d]: 9(c) = 0, u(d) = 0;  Awle, d]: u(c) =0, u(d) = 0.

For brevity, these boundary problems will be referred to as Ba[c, d],
Box[¢, d], Beo[c, d], and Boo|c, d], respectively. Throughout the following dis-
cussion it will be assumed that K(x) is a hermitian matrix which is continu-
ous on X, and R [y, w; ¢, d] will signify the hermitian functional

d
Ry, wid) = [ @K@

for y(x), w(x) vector functions of %[c, d]; for brevity, we set &[y; ¢, d]
= 8y, ¥; ¢, d]. For the special case of K(x) =E the functionals [fw*(x)y(x)dx
and [*y*(x)y(x)dx are denoted by €[y, w; ¢, d] and €[y; ¢, d], respectively.
We shall be concerned primarily with matrices K(x) possessing the following
property on compact subintervals [c, d] of X, where (¢, g) may denote any
one of the sets (¥, *), (, 0), (0, *), or (0, 0).

P, [c, d]: K(x) is a continuous hermitian matrix such that R[y; c, d] s
positive definite on Dy,[c, d], that is, &[y; ¢, d]> 0 for arbitrary y(x) EDy,le, d]
with y(x) #0 on [c, d].

The basic results of the spectral theory for the above defined boundary
problems are given in the following theorem.

THEOREM 2.1. If hypotheses (Hy) and (Hs) hold for (2.7), [c, d]CX, and
for (p, q) either (x, ), (x, 0), (0, %), or (0, 0) the matrix K(x) has property
P,.[c, d], then B,[c, d] possesses a sequence of proper values N*=N\*[c, d],

(=1, 2, - - ), and corresponding proper solutions u=ul*(x) =ul*(x; c, d) of
(2.9) for N=\" such that:
@ AN'=N1, (=12, - ), and NP> as j—o;

(il) 3[“;’; ¢, d]=)‘;¢9 ‘Q[u;", u?; ¢, d]=8ikc (jv k=l, 21 c );

(i) Sly;c, d12N for yE{y|yEDpelc, ], Ryic, d]=1, Ry, ul*; ¢, d]
=0 for k<j } , and the equality sign holds only if there is a corresponding vector
function z(x) such that u =y(x), v=2(x) is a solution of (2.9) for X\=N\".
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It is to be remarked that the above definition of differential admissibil-
ity is more general than the one frequently used, which restricts the functions
to have piecewise continuous derivatives. In references to previous literature
no distinction will be made in regard to the class of differentially admissible
functions employed by the cited author, however, since the corresponding
results for the wider class of admissible functions may be established by obvi-
ous modifications, or are readily derivable from the stated results by well-
known approximation theorems for the Lebesgue integral.

In the case of real differential systems (2.9) with K(x) =E, the results of
Theorem 2.1 were first established by Morse [11; 12] in his extensions of the
classical Sturmian theory to general accessory boundary problems associated
with identically normal Lagrange variational problems; an alternate treat-
ment of such problems is given by Hu [8]. If K(x) is positive definite and the
coefficient matrices of (2.9) are real-valued on [¢, d], then the results of
Theorem 2.1 are explicitly given by Reid [15; 16]; moreover, for such real
systems the general results are contained in either [15] or [16] as soon as the
following result is established.

LemMA 2.1. If hypothesis (Hy) holds and R[y; ¢, d] is positive definite on
Dpelc, d], then there exists a constant l=1,q[c, d] such that Y[y;c,d|1]=I[y;¢,d]
+IR[y; ¢, @] is positive definite on Dy[c, d].

Indeed, if the result of this lemma is not true then for j=1, 2, - - - there
exists a vector function y;(x) ©D,,l¢, d] such that J[y;; c, dl 7150, €[yj; ¢, d]
=1. Now (see, for example [16, Lemma 3.2]), there exist positive constants
ma, bo such that S[y; ¢, d]2m€[y’; ¢, d] —LEly; ¢, @] for yED[c, d]. Con-
sequently,

m"@[y};‘:’ d] +]'Qb’n ¢ d] s o, @[yi; ¢, d] =1 (] =12 - )’

so that €[y ; ¢, d] Sl/mo (j=1, 2, - - - ) and R]y;; ¢, d]-0 as j—o. In
view of the boundedness of the sequences {E[y;; ¢, d]}, {€[y/; ¢, d]} the
vector functions y;(x) are uniformly bounded and equicontinuous on [c, d],
and by classical function theory results there exists a y(x) EDy,q[c, d] and a
subsequence { 9;.(x)} such that y;,(x)—y(x) uniformly on [¢, d], while the
sequence {y,'.(x)} converges weakly to y’(x) in the Hilbert space %[, ], so
that we have G[y; ¢, d]=1, f]y; ¢, d]=0, contrary to the assumption that
R[y; ¢, d] is positive definite on D,[c, d].

For the above problems B,,[c, d] with complex coefficients, the results of
Theorem 2.1 may be obtained from the corresponding results for an associ-
ated problem with real coefficients involving 2n-dimensional real-valued vec-
tor functions, or by methods entirely analogous to those employed in the case
of real coefficients; in this latter regard, the reader is referred to Reid [18; 20].
In particular, once Lemma 2.1 is established the methods of Morse [11; 12;
13, Ch. IV], Birkhoff and Hestenes [3], Hestenes [5], Hu [8], or Reid [15;
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16; 18; 20] may be used to establish the general results of Theorem 2.1. In
particular, the following results are ready consequences of the extremizing
properties of the proper values of the boundary problems B,,[¢c, d] stated in
Theorem 2.1.

COROLLARY 1. If m is the smallest integer such that N¥[c, d] 20, then m—1
is the negative index of 3[y; c, d] on Dyolc, d], that is, m—1 is the dimension of
a maximal linear subclass of Dyqlc, d] on which 3[y; ¢, d] is negative definite;
in particular, m is sndependent of the mairix K(x) satisfying Pye[c, d] and
occurring in the boundary problem B,e[c, d].

COROLLARY 2. Boo[c, @] is @ subproblem of dimension n of each of the prob-
lems Bu[c, d] and Baolc, d], while B [c, d], Buolc, @] are individually sub-
problems of dimension n of Bax[c, d], and consequently for j=1,2, - - -, '

[e, d] S ALe, 4] S Miale, dl, A L6, d] S A7 L6y 8] S Mieale, ]
Noled]l SA e d] S Ml dl,  A;'[e,d] S A5'[6, d] S Nrale 4.

In particular, a ready consequence of Theorem 2.1 is the following com-
parison theorem, which is basic for the oscillation criteria of the next section.

THEOREM 2.2, If b, ¢, d are points of X satisfying b<c<d, and r+s>n,
then )\ro-'ic-n[b. d] §Max()\,°‘[b, G]» x:o[c, d]).

Indeed, since r+s>mn there exist constants ¢, - * -, e, f1, - - +, f, such
that the vector function y(x) defined by

@) = X, deson bycl, (@) = 3 (e, d)fson (6, ],
j=1 kel

is continuous on [b, d], satisfies with 4 =u(x; b, d) the r+s—n—1 orthog-
onality conditions R[y, #%°; b, d]=0 for h<r+s—mn, while R[y; b, d]
=le|*+ - - - +|e|*+[Al*4 - - - +[£]*=1. Then y(x)EDw[b, d], and
by Theorem 2.1 we have

A 05,d] = 8ly;b,d] = ST, )| o'+ {: M (e dl| £l

SN (bl | &+ 2’ e, d] > 151,

su[ Tlal+Z[al] -1,
j=1 ke=1

where M =Max(Q0\*[b, c], \®[c, d]).
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Finally, in view of the form of the boundary problems considered by
Nehari [14], Leighton and Nehari [10], and Howard [7], we note the fol-
lowing result.

THEOREM 2.3. Suppose that hypotheses (Hy) and (Hy) hold, while for a com-
pact subinterval [c, d] of X and (b, q) one of the sets (0, 0), (0, +), (s, 0), (+, %),
we have C(x)=Ci(x)—Csy(x), where Ci(x), Ci(x) are comtinuous hermstian
matrices with Cy(x) having property Pyylc, d]. If B,.[c, d] denotes the boundary
problem consisting of the differential system

(2.10) o' = A(@)u + B(x)r, o = Ci(x)u — A¥*(x)v — XCg(x)u,

with the correspondmg boundary conditions Ay lc, d], and XA=N[c, d]
(G=1, 2, - - - ) are the proper values of B,elc, d] as specified by Theorem 2.1,
then for] 1,2, - - - we have \*[c, d] 1 if and only if \*[c, d] SO for the
corresponding boundary problem B,q[c, d] involving (2.9) with K(x) any her-
mitian matrix having property Py.[c, d).

The result of Theorem 2.3 is an immediate consequence of Corollary 1
to Theorem 2.1, and the fact that for K(x)=Cj(x) the boundary problem
B,e[c, d] is equivalent to By,[c, d] under the linear change of parameter
A=N+1

3. Oscillation criteria. A point x, is said to be conjugate to x1, (with respect
to the differential system (2.7)), if there exists a nontrivial solution u(x),
v(x) of this system with %(x1) =0=u(xs). The system is termed nonoscsllatory
on a given interval if no two distinct points of this interval are mutually con-
jugate.

Now in view of hypothesis (H;) a necessary and sufficient condition for
(2.7) to be nonoscillatory on a compact subinterval [xi, %2] of X is that
S$[y; %1, x2] be positive definite on Boo[x1, #2]. The reader is referred to Bliss
[4, §§89-91], or Morse [12, Part I1I], for a proof in the case of systems with
real coefficients, and the details are readily extensible to systems with complex
coefficients. In particular, for systems (2.7) satisfying (H,), (H;) one may
employ the methods used in Reid [18, Theorem 2.1] to establish the cor-
responding result for similar systems involving no auxiliary differential equa-
tions ®(x, y, ') =0.

Throughout this section it will be assumed that hypotheses (H,), (Hz) hold,
and that K(x) satisfies Pux[c, d] for arbitrary nondegenerate compact subinter-
vals [c, d] of X. In view of the extremizing property of the smallest proper
value of the boundary problem By[c, d], it then follows that (2.7) is non-
oscillatory on a given subinterval X, of X if and only if A°[¢c, d] >0 for arbi-
trary [c, d]CX,. In particular, from Corollary 2 of Theorem 2.1 it follows
that a sufficient condition for nonoscillation on X, is A\*[¢, d]>0 for arbi-
trary [¢, d]C X, although in general this latter condition is not necessary
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for nonoscillation. In certain circumstances this latter condition is also neces-
sary, however, as is shown by the following theorem.

THEOREM 3.1. Suppose that for arbitrary bE X there exists a d>b such that
AO[b, d]<0. Then for a given x1EX a necessary and sufficient condstion for
(2.7) to be nonoscillatory on [x1, ) is that \*[x1, x2] >0 for all x3>x:.

In view of the remark preceding the statement of the theorem, only a
proof of the necessity of the condition is required. Now if ;X and there
exists a b>xy such that \J*[x1, 5] <0, let d> b be a value such that Ai°[b, d] <0
as assured by the hypothesis of the theorem. From Theorem 2.2 it then fol-
lows that A®[x, d] 0, and consequently (2.7) is oscillatory on [21, d].

From the extremizing properties of the proper values \°[b, d] it follows
that for a fixed value 5EX the jth proper value \}°[b, d] is a monotone de-
creasing function of d on (b, ») (see, for example, Morse [12, Part III] or
Reid [16, §6]) and consequently the assumption that there exists a d>b
such that \§°[, d] <0 is no stronger than the condition that there exists a
d1>b such that A\}°[5, d:] 0.

In view of Corollary 2 to Theorem 2.1, the condition A\f°[5, d] <0 implies
that A¥*[b, d] <0, although in general the converse is not true. We shall
proceed to show, however, that under certain circumstances the hypothesis of
Theorem 3.1 may be replaced by the condition that for arbitrary 6&X there
exists a d>b such that \¥*[b, d] <0.

Let (Hj) denote the following hypothesis:

(H3) If cEX there exists a continuous hermitian matrix Co(x) such that for
arbitrary d>c the functional [ty*(x)[Co(x) — C(x) ]y(x)dx is mon-negative on
Duolc, d], and a constant hermitian matrix M 20 such that if (U; V)
= (Uo(x); Vo(x)) ts the solution of the matrix differential system

3.1) U = A@x)U + B(x)V, V' = Co(2)U — A*(2)V,
satisfying Us(x) =E, Vo(c) = M, then Uo(x) is nonsingular on [¢c, =), and

3.2) S(x, 6, Ug) = f U 0BOU Wt

1s such that ®*S(x, ¢; Ug)w— © as x— « for arbitrary non-null constant vectors .

In the terminology of Reid [18; 20], (Us(x); Vo(x)) is a matrix of con-
joined solutions of (3.1), that is, UsVo— VgU,=0. For x=c¢ the matrix
S(x, ¢; Uy) of (3.2) is clearly hermitian and non-negative, and hence the posi-
tive definiteness of this matrix for x> ¢ is assured if it is shown that it is non-
singular for such values of x. Now, (see Reid [20, §3)), if

Urw) = Us@S,c; Us),  Val®) = Vo(®)S(x, ¢; Us) + Us (),

then (U; V) =(Ui(x); Vi(x)) is the matrix of conjoined solutions of (3.1)
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satisfying the initial conditions Ui(c) =0, Vi(c) =E. If x2>¢, and £ is a vector
such that S(xs, ¢; Uo)£=0, then since clearly 0S.S(x, ¢; Up) SS(xq, ¢; Uy) for
cSx <%, it follows that S(x, ¢; Ug)t=0 on [c, x:]. Then u(x) = Ui(x)¢,
v(x) =Vi(x)¢ is a solution of the differential system «’'=A(x)u+B(x)v,
v’ = Co(x)u—A*(x)v with u=0 on [c, x;], and hence u(x), v(x) is also a solu-
tion of (2.7) with #=0 on [¢, x2], so that by the normality hypothesis () it
follows that 0=v=V,(x)¢ on [¢, x:]. In particular, 0= Vi(c)§=¢, thus estab-
lishing that for x> ¢ the matrix S(x, ¢; U,) is nonsingular, and consequently
also positive definite. '

If p=pi(x) is the smallest proper value of the matrix S(x, ¢; Uy) then the
monotone character of S(x, ¢; U,) implies that pi(x) is monotone nondecreas-
ing on [¢, ©). Moreover, a simple limit argument shows that the hypothesis
that 7*S(x, ¢; Ug)r—  as x— » for arbitrary non-null constant vectors = is
equivalent to the condition that pi(x)— « as x— o, which in turn is equiva-
lent to the condition that S—1(x, c; Ug)—0 as x— . That is, (Us(x); Vo(x)) is
a principal solution of the matrix differential equation (3.1), as defined by
Reid [20].

THEOREM 3.2. Suppose that hypotheses (H,), (Hs), (Hs) hold, K(x) is a
continuous hermitian malrix satisfying Pus[c, d] for arbitrary [c, d]CX, while
for arbitrary bE X there exists a ¢>b such that \y*[b, ¢] <0. Then for arbitrary
bCEX there exists a d>b such that \2°[b, d] <0, and for x,C X a necessary and
sufficient condition for (2.7) to be nonoscillatory on [x1, ©) is that \* [x1, 2] >0
for all x3> x1.

If 5E€X, and ¢>b is such that A¥*[b, ¢] <0, then by Corollary 1 to Theo-
rem 2.1 there exists an X7 matrix G(x) whose column vectors belong to
Dux[b, c] and S[Gr; b, ¢] <0 for arbitrary nonzero constant vectors 7; that
is, 3[Gr; b, c] is a negative definite hermitian form in =, and hence there
exists a positive k=«[b, ¢] such that §[Gr; b, ¢] < —2«| x| ? for arbitrary con-
stant vectors w. Now (3.1) is the Euler-Lagrange canonical matrix differential
system for the functional

Solyi 4 = [ nte 302, ¥ @),
where wo(x, ¥y, m)=w*R(x)m+7*Q(x)y+y*Q*(x)x+y*Po(x)y, with Po(x)
=P(x)+Co(x) — C(x) and Soly; ¢, d]—[y; ¢, d]=[foy*[Co—Clydx 20 for
y(x) EDuole, @]. For Us(x), Vo(x) as in (H;) and d>c, let U(x)=G(x) on
[6, c], Ux) = Uo(x) [E—S(x, ¢c; Us)S~(@, ¢; Us) ]G(c) on [¢, ). In particular
(see Reid [20, §3]) on [c, ©) we have that

U(x), V(z) = Vo®)[E — S, ¢; UDS™ (d,¢; U)|G(e) — Us  (#)S™ (d, ¢; Uo)G(c)
is the solution of (3.1) satisfying U(c) =G(c¢), U(d) =0, and the column vec-
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tors of U(x) are elements of Dao[d, d]. Therefore,
3[Ux;c, 8] £ So[Un;c,d] = — x*U*()V(c)x
= — 2*G*(0)[M — 5'(d, ¢; Uo)|G(e)x
S *G*()S-Y(d, ¢; U)G(o)r,

the last inequality resulting from the condition M 20; in view of (Hj;) there
exists a do>c such that 3[Ur; ¢, d]<«|x|? for d=d,, and consequently
S[Ux; b, d] = —Kl1r| 2 for such d and arbitrary constant vectors . It then
follows that the negative index of 3[y; b, d] on Deo[b, d] is at least n, and
thus \°[b, d] <0 by Corollary 1 of Theorem 2.1.

COROLLARY 1. Suppose C(x) <0 on X, and for Y(x) a fundamental matrix
solution of the first order matrix differential equation

(3.3) V=AY

we have: (i) sf bEX there exists a ¢ > b such that the nonpositive hermitian matrix
J3Y*(x)C(x) Y(x)dx is negative definite; (i) of cEX then

-~ [ f Y1) B Y"’“(t)dt] y—

as x— o for arbitrary non-null constant vectors =. Then for a given x1EX the
system (2.7) is nonoscillatory on [x1, =) if and only if X3*[x1, x2]>0 for all
X2 > X1,

Since C(x) £0, and condition (ii) holds for a fundamental matrix solution
Y(x) of (3.3), hypothesis (H;) is valid for Co(x)=0, M=0, Uy(x)=Y(x),
Vo(x) =0. In particular, the column vectors of ¥(x) are elements of Des[b, ¢]
for given [b, c]CX, and for arbitrary constant vectors = it may be verified
readily that w(x, Y(x)x, ¥’'(x)7) =x*Y*(x) C(x) Y (x)7. Consequently, if ¢ is a
value satisfying condition (i) of the corollary then the negative index of
S[y; b, ¢c] on Dus[d, c] is at least #, so that At*[b, ¢] <0 by Corollary 1 to
Theorem 2.1, and the conclusion of the corollary is an immediate consequence
of Theorem 3.2.

If in addition to the conditions of Corollary 1 the matrix of (i) is such
that #*[[fV*(x)C(x) Y(x)dx]r—— © as ¢c— for arbitrary non-null con-
stant vectors =, then for a given x,;& X it follows that for x, sufficiently large
the negative index of 3 [y; %1, x2] on Bos[x1, x2] is at least #, so that \*[xy, x;]
<0 for x; sufficiently large, and by the above Corollary 1 the system (2.7)
is oscillatory on [xi, ©). However, an independent but related argument
establishes the following stronger result.

THEOREM 3.3. Suppose C(x) S0 on X, and for Y(x) a fundamental matrix
solution of (3.3) we have condition (ii) of Corollary 1, and (i’): there exists a
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non-null constant vector w such that wp[[fsV*(x)C(x) Y(x)dx]me— — o as
c— . Then for a given x,E X the equation (2.7) is oscillatory on [x, ).

For x;€X, b>x,, and 7 a constant vector satisfying (i), let yo(x) be an
element of Dex[x1, b] such that yy(b) = Y (b)xo. Such a y,(x) may be chosen
in many ways; for example, if Ao is not a proper value of Bo[x1, b] then for
A =X\, there is a unique solution %(x), v(x) of (2.9) with u(x,) =0, u(b) = Y (b)x,,
and y,(x) may be chosen as #(x). By condition (i’) there exists a ¢>b such
that 73 [[sV*(x) C(x) Y(x)dx ]mo < — 3 [yo; 21, b] —2| x| 2. Moreover, the proof
of Theorem 3.2 for Uy(x) = Y(x), Vo(x) =0 shows thatif d>cand (U(x); V(x))
is the solution of U'=A(x) U+B(x)V, V' = — A*(x) V satisfying U(c) = Y(c),
U(d) =0, then 3[Ur; ¢, d]—0 as d— o for arbitrary constant vectors 7. In
particular, if d =x; is a value such that $[Umo; ¢, %] S | 70| 2, then S[y; 21, x5]
<0 for the y(x) € Doo[x1, x2] defined as: y(x) =yo(x) on [x1, b], ¥(x) = Y (x)7o
on [b, c], ¥(x) = U(x)m on [c, x.]. Consequently, for such a value x, the nega-
tive index of $[y; x1, x2] on Deo[x1, %s] is at least one, so that (2.7) is oscil-
latory on [x1, xz].

4. Self-adjoint scalar quasi-differential equations of even order. An im-
portant instance of (2.7) is provided by certain systems which are equivalent
to self-adjoint scalar quasi-differential equations of even order. Suppose p;(x),
(=0, 1, - - -, 2n), are real-valued continuous functions with ps,(x) >0 on
X:a<x<o, and let R(x), Q(x), P(x) be diagonal matrices with P,.(x)
= paa-2(%), Qua(X) =1p2a—r(x) fora=1, - - -, n, while Rg(x) =0for =1, - - -,
n—1, R'm(x) =p2ﬁ(x)’ and Q(xv Y T)=(rﬂ_yﬂ+1)r (ﬂ=ly B n—1)° The
corresponding system (2.7) is then

Ua = Uat1 (a=1,--,n—1),
Uy = — i(Pan—1/Pan)thn + (1/p2n)0n,

(4.1) vl = pothy — ip1ts,
Va = ipra—stha-1 + Pra-stha — iPra—tthatr1 — Va1 (@ =2, - ,n—1),
¥y = iPon_sthn_y + (Pan—2 — P:n-x/ Pan)thy — Uy — $(Pan—1/Pn)n,

and it follows readily that this system satisfies hypotheses (H;) and (Hj).
Moreover, (u; v) is a solution of the vector system (4.1) if and only if there

exists a scalar function w(x) EC™ and associated v;(x)EC’, (j=1, - - -, n),
such that
U; = ‘w(j_l) (j = 1) v !"))

(n) . (n—1)
Vp = PonW + 1Pon—1W ,

v = pow — i1,
' . -1 ® . @+1)
V841 = 1Pos 1 W + posw — ipagw -5 B=1,--+,n—1),

4.2)
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If w, v, - - -, vsis a solution of (4.2), then in general the function w does not
have derivatives of order higher than n and (4.2) is not equivalent to a linear
differential equation of the form Z,’: 1 li(x)w); however, (4.2) is equivalent
to the quasi-differential equation (see Bdcher [5]; Achieser-Glasmann [1,
Anhang I1]; Reid [19, p. 451]),

(4.3) Demy = 0,
where for n=1, 2, - - - and a function w(x) €C™ we use the following modi-

fication of the formal derivative operator D, as determined by the set of
coefficient functions p;(x),

D& = D* (=01, :-,n—1);
D™ = p3, D* + ipsn_s D™,
Dinti) = DDin+i-1) — (_l)i[i?z”_zj aDP il — o o D .
— ipongia D] (f=1,-- ., n—1);
Dem = DDen=Y — (—1)*[ip;D — poD°].

(4.4)

For examplé, for n=1 and n=2 equation (4.3) becomes, respectively,
(pa’ + ipr1w)’ + ipyw’ — pow = 0,
([paw" + ipsw') + ipaw'” — paw’ — iprw)’ — iprw’ + pow = 0.
If for j=0, 1, - - -, 2n we have that p;(x) is of class C¢/? or C(i+DID a¢-

cording as j is even or odd, then (4.2) is satisfied by a set w, vy, - - -, v, if
and only if wE€C?®», and in this case (4.3) may be written

(4.5) i (— l)n—i[pzjw(i)](i) -3 nz_‘: (- l)a—»([l,u“w(k)](kw
j=0 k=0

+ [pap1w®D]®) = 0;

that is, (4.3) is of the form of the general self-adjoint scalar differential equa-
tion of order 2n (see Reid [19]). Moreover, in this case for j=1, - - -, n,

v; = 2 (= 1) i[pogw@] @ 4 ipy, -1
a=j

(4.6)

a—1

+ i 2 (= 1) 1([pogy 1w D] 6=i) 4 [pog, 1w ®] G-i+D),
Bm=i

Employing the terminology of the preceding sections for the correspond-
ing first order system, a point x; is termed conjugate to x,, relative to (4.3),
provided there exists a nonidentically vanishing solution w(x) of (4.3) satisfy-
ing we N (x) =w@V(x,), (=1, - - -, n). Moreover, we shall say that this
equation is nonoscillatory on a subinterval X, of X if no two distinct points of
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X are mutually conjugate. It is to be emphasized that these definitions of
conjugate point and oscillation for (4.3) are the more restrictive ones arising
from the corresponding concepts for the associated first order system (4.1)
in the sense of §2, and do not have the generality corresponding to the defini-
tions introduced by Leighton and Nehari [10] for real fourth order equations

4.7) (r(x)w")"" — p(x)u = 0.

For (4.3) a definition of conjugate point corresponding to that of Leighton and
Nehari [10] would be that a value x,>x; is the kth (right-hand) conjugate
point of #; if x; is the minimum value of @i42.—1 such that there is a nonidenti-
cally vanishing solution w(x) of (4.3) with zerosatx=a;, (j=1, - - -, k4+2n—1),
where x1=a15a: < - - - Sai42n—1. However, for the case of an equation (4.7)
with positive coefficients r(x) €C"', p(x) EC, it follows from Theorem 3.6 of
[10] that a value x;>x; is conjugate to x; in one of the above described senses
if and only if it is conjugate in the other sense, and consequently application
of results of this section to (4.7) does provide a variational proof of Theorem
2.1 of Howard [7]. At present it is not known for what classes of equations
(4.3) the two concepts of conjugacy are equivalent, and the present paper
makes no contribution to the solution of this problem.

For brevity, special criteria for (4.3) will be limited to cases covered by
Corollary 1 of Theorem 3.2, and Theorem 3.3. The solution ¥(x) of the cor-
responding equation (3.3) satisfying ¥Y(c) =E is readily found to haveele-
ments Ves(x) as follows: V,s(x) =0 for a>f; Y.(x)=(x—c)f2/(8—a)! for
1SasBSn—1;if r(x) = — pra-1(x)/D2n(x), then V,.(x) =exp [if%r(s)ds], and
Yan(x) = [Z[(x—t)*"1/(n—a—1)!] Van()dt for 1 Sa <n—1. Moreover, since
W(x)=Y*1(x) is the solution of the matrix differential equation
W'=—A*(x)W satisfying W(c) =E, the elements Wes(x) are as follows:
Wap(x) =0 for B> a; Wes(x) =(—1)**(x—c)*?/(a—p)! for 1=fsasn—1;
Was(x) =2ns(x) exp[ifir(s)ds], (B=1, -, n), where szm(x)=1, zu5(x)
= [(=1)*8/(n—B= D] fZ(t= )" exp[—ifir(s)ds)dt, B=1, - - -, n—1).

Of particular interest is the case in which pa._1(x) =0, since in this in-
stance Yos(x) =0 for a>B, Yaus(x)=(x—c)f/(B—a)! for 1Sa=pf=n, and
Weas(x) =0 for B>a, Was(x) =(—1)B(x—c)*B/(x—p)! for 1SBSasSn. In
this case the hermitian form #*C(x)w is the Jacobi form

(4.8) J(x; 1r) = i pg,,_g(x) l T l2 -1 ’i pg._l(x) [i’d’ﬂ.] - i'¢+1‘l’¢].

am=1 a=1

Moreover, if n=n(x| 7) denotes the vector polynomial (n.(x[w)) with
n (a—1)

@9 wiel ) = [ Sne-ov-01] T @=t,m,
B=1

then
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(4.10) r*[ j: P C) Y(x)dx]r - ]; T(xinx| w)ds,

,*[ f "Y1 BQ) Y*"(t)dt] .
(4.11) e (<1yws :

f [?zn(t)]"l P -(-—-_——)T (t — c)vPxy| dt.

From (4.11) it is seen that condition (ii) of Corollary 1 to Theorem 3.2 is
equivalent to the condition that [ [ps(¢) ]-'d¢ = . Moreover, C(x) SO on X
and condition (i) of the corollary holds whenever there exists a non-negative
continuous g(x) which is not identically zero on any [a;, ») CX, and is such
that

(4.12)  J(x;%) + q(x)| 71[* S 0 for arbitrary x = (xa), (@=1,---,n).

Consequently, for (4.3) Corollary 1 to Theorem 3.2 provides the following
criterion.

THEOREM 4.1. If pan-1(x)=0, [ [psn(t) | -'dt= w0, and (4.12) holds for a
continuous q(x) 20 whick is not identically zero on any [a1, ©) CX, then for a
given x;éX the equation (4.3) is nonoscillatory on [x1, ©) if and only if for
arbitrary xs> x, the functional

(4.13) f { > pru(@) 0@ + 4 :{: pr1(2) [HOn D — n“’“"ﬂ“”l} dx

is positive definite in the class of functions n(x) € C™=D [xy, x3] with ™V (x)
a.c. and 9™ (x) EL[x1, %], while n=V(x1) =0, (x=1, - - -, n).

In view of the results of §2, the stated property of positive definiteness
of the functional (4.13) may be phrased in terms of the smallest proper value
of various associated boundary problems. In particular, if po(x) does not van-
ish identically on any nondegenerate subinterval of X, then by Theorem 2.3
the stated positive definiteness property of (4.13) is equivalent to the condi-
tion that for arbitrary x,> x; the smallest proper value of the boundary prob-
lem

(4.14)  Demw(=1)* A= 1)po(x)w=0, W@V (x)=0=14(x2), (a=1, " ", 1)

be greater than 1, where the functions v;(x) are defined by (4.2). For n=1,
pa(x) =1, p1(x) =0, this criterion reduces to that of Theorem I of Nehari [14].
For n=2, pj(x)=0 (j=1, 2, 3), the corresponding nonoscillation criterion is
that of Theorem 2.1 of Howard [7]. For n=2, pi(x) =0=ps(x), the result of
Theorem 4.1 is equivalent to the special case of Theorem 3.1 of Barrett (2]
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provided by the corresponding equations D®w=0 in which po(x) is not
identically zero for large x.

Finally, since by a suitable choice of = the ni(x|) of (4.9) is equal to a
given polynomial of degree less than #, through the choice of 7o such that
m(x[m,) =x""1 the following result is a direct consequence of Theorem 3.3.

THEOREM 4.2. If pau_1(%) =0, [ [psa(t)]'dt = 0, the form J(x; =) of (4.8)
is nonpositive for x€ X, and (4.3) is nonoscillatory on [x1, ) for x, sufficiently
large, then each of the integrals

(4.15) [ pmypima, @=0,1, - ,n-),

s convergent.

For n=1, p1(x) =0, the result of Theorem 4.2 was established by Leigh-
ton [9]. For n=2, pi(x) =0=ps(x), and p«(x) bounded on X, the result is a
special case of a criterion established for analogous fourth order matrix differ-
ential equations by Sternberg and Sternberg [21]. If pea_1(x) =0, J(x; ) is
a nonpositive form for x€ X, and one of the integrals (4.15) is divergent, the
argument indicated above may be used to prove that for given ¢€X, and d
sufficiently large, the smallest proper value A\*[¢, d] of the boundary problem
Box [c, d] associated with (4.1) is negative; in particular, this result generalizes
Theorem 2.4 of Barrett [2].
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